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Abstract-The convergence and stability of the regularization method for variational inequalities 
with nonsmooth unbounded uniformly and properly monotone (i.e., degenerate) operators on Banach 
spaces are investigated. All the objects of the inequality: the operator A, the right-hand part f 
and the set of constraints R are to be perturbed. Along with well-known approximation criterions 
(according to Hausdorff and Mosco), a new quantitative proximity characteristic of convex closed sets 
is used. As a corollary, the convergence and stability of the Galerkin method are established. 
Let B be a real reflexive strictly convex Banach space in which the strong and weak topologies 
coincide on the unit sphere (B is a so-called E-space), B* its conjugate space with the bilinear 
functional of duality (y, CC) between y E B’ and x E B. Suppose that Re c B is a closed convex 
set, A is an operator from B to B* with domain D(A) in B and sle C intD(A). 
We consider the problem of finding the solution x* E Cl of the variational inequality 
(Ax*-f,x-x*)20, ‘L’xER,J, DEB*, 
at first, for a properly monotone operator A, i.e., we assume 
(1) 
(Yl - Y2,51 - x2) > 0, v~l E Azl, ~2 E Az2 (2) 
and that there is not any strengthening of (2), for instance, up to the level of strong or uniform 
monotonicity. Such a problem is a priori unstable with respect to perturbations h, S and CY of 
the operator A, the element f and the set R 0, respectively. Therefore, to make the solutions of 
the perturbed problem 
(A% - f6,x - z) > 0, vx E R, 
stably approximate the solution of the primary unperturbed problem, it is necessary to realize 
some regularization. 
As in [l], we want to investigate the asymptotic behaviour of the solutions xf E R,, A = 
(h, 6, a), of the variational inequality (3) regularized by means of the normalized duality mapping 
U : B -+ B* with a positive parameter a: 
(Ahxe + cd.Js: - f6, z - x;) 2 0, vx E n,. (3) 
Here, too, the perturbed sets R, are convex and closed, R, c intD(A). Suppose that: 
(i) the perturbed operators Ah are monotone, II = D(A), 
3-l~ W”(x), M(x)) I hg (1141) 3 
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where XB*(Q~,Q~) is the Hausdorff distance between sets Qi and Qz in the space B*, 
Mb(z) and M(z) are the ranges of the operators Ah and A at the point x E U R,, the 
U>O 
function g(t) is continuous nondecreasing, bounded on the bounded sets, for t 2 0, Ah 
and A are maximal monotone expansions of Ah and A in D(A); 
(ii) the perturbed element f6 E B*, 0 5 6 < 6 and 
(iii) the following condition of sets approximation 
is introduced, where d(x,Q) = $rf_ ]]x - z]] is the distance from the point x to the set Q, 
and where fi (t), determined on U R, and f2 (t), determined on Rs, are finite functionals 
,720 
for t 2 0 which carry bounded sets of D(A) into bounded sets of R’. For a comparison, 
let us note also that in [l], we utilized the estimate of Hausdorff distance between exact 
and approximate sets 00 and 0,: 
(iv) 7-l~(fl0,%) Ia. 
We emphasize, in particular, that here we do not use any assumption about boundedness and 
smoothness of the operators A and Ah. In this respect, the present work, as well as [l], differs 
from previous publications [2-41. 
Recall that by a solution of variational inequality (l), we mean an element Z* E Re such that 
there exists y E ifx* and the inequality (y - f, z - x*) 2 0, Vx E 00, holds. We suppose that 
the set N of solutions X* is nonempty. Then it is convex and closed and there exists a unique 
element Z* such that I/~*11 = 2EN min /lx* 11. The solution of (3) which exists and is unique for fixed 
h, 6, g and (Y is understood in the same sense. [1,5--71. 
All the statements below are supported by the following: 
LEMMA 1. (cf.[l]). Let B be an arbitrary Banach space, let F : D(F) C B + B’ be a monotone 
operator, x0 E intD(F). Then there exists a constant TO > 0 and a closed ball S(re,xO) c D(F) 
such that for all x E D(F), the estimate 
(F(x),x - x0) 2 rollF(x)ll - Co(l/x - x01/ + T-O) 
is satisfied, where Co = sup IIF(E)II < 00. 
EES(%JO) 
PROOF. The monotone operator is locally bounded at every point x0 E intD(A). Therefore, 
there exists a closed ball S(ro, x0) with center x0 E D(F) and radius TO such that llF(g)II 5 Co 
for all y E S(rs, x0). By the Hahn-Banach theorem for any p E B’ there exists at least one linear 
bounded functional z(p) E B such that ]]z((p)]] = 1 and (cp, z(v)) = ]]v]]. Setting cp = F(x) and 
Y = x0 + roz(cp), we obtain lly-x”ll = TO and (F(x), y -x0> = TO /[F(x)//. Since F is monotone, 
one has 
(F(x),x-Y) L (F(Y),~-Y) 2 -IlQ)II 11x-YII 2 -COIIX-X~-~~-YII 2 -Co (11~ -x0/l +ro). 
Therefore, for all 2 E D(F), 
(F(x), x - x0) = (F(x), x - Y) + (F(x), Y - x0) 2 -Co ((lx - x01( +TO) + ~ollF(x)ll. 
The lemma is proved. 
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The following result appears in [I]. 
THEOREM 1. Assume that (i), (ii) and (’ ) IV are 
that 11~5 - Z*ll, + 0 if Ly -+ 0, (h + 6 + a)/cr --f 0 and 0 5 0 < TO. 
The condition (iv) is the uniform proximity of 00 and R,, and it is meaningful, mainly for 
bounded sets. One can provide a simple example of unbounded sets when indefinitely small 
perturbations of constraints on the set s20 lead to arbitrarily large changes in the Hausdorff 
distance between Ro and R,. Indeed, let 
R. = { (u,w) E R2 : u >_ 0, ZJ 5 ku, k > 0, u 2 0}, 
Cl, = { (u,v) E R2 : u > 0, w~(k+~~)2~,~>~2u,~~>O,O<~~<k}. 
It is easy to see that for all choices of arbitrarily small ~1 and 02, the Hausdorff distance 
However, for this example (cf. [4]) 
d(x,flo) I a$+ k”)-’ Ilxllr vx={U,w}E~2, 
4x,%) I azll4, v’z = {u,u} E c&J, 
i.e., (iii) is satisfied with fl(t) = fi(t) = t and g = max{al/(l + k2),(r2}. 
Thus, the conditions (iii) enable us to consider unbounded sets Ro and 0,. Apparently, they 
have not turned up in mathematical literature before. 
Our first new result is: 
THEOREM 2. Let the assumptions (i), (’ ) li and (iii) hold. Then there exists a constant 1’0 such 
that IIxe - 2*1jB -+ 0 if (h + 6 + f7)/Ly + 0, a + 0, 
lirn 
11.~11’~ 
sup * = 0, 
11~11 
(4) 
and 0 < ~olf2Wll), w lere 5 is RJI arbitrary fixed point in 00. 1 
At the beginning of the proof of this theorem, we show that the a priori unbounded opera- 
tor A is bounded and, moreover, it has, at most, linear growth on the solutions of the auxiliary 
variational inequality 
(Ax; + ~UX; -f,x-x;) 20, t/x E nu, (5) 
i.e., I(AxZI/  M~~~~~~~ + M2, where the constants Ml and M2 do not depend on xg. From this 
we conclude that IIAx~II is uniformly bounded if ~~x~~~ is also uniformly bounded (the latter is 
in fact, true from the condition (iii) and limit equality (4)). Here the estimate 
[IAx”, - fll I (TO - cf2(~~~~~))-‘[+~~~(cf2(~~~~~) + llz/l> + Co(llC - 211) +TO)] 
follows from Lemma 1. After that, we establish that the same assertion is valid for I(Ahxt II. 
This is the most significant improvement of the proof we have obtained here (cf. [l]). I 
REMARK 1. If the growth of the functional f~(l/xll) at infinity is not less than square, then in 
the inequality (3) we should use, instead of the normalized dual mapping U, a dual mapping Uf‘ 
with a gauge function p(t) which is continuous, strictly increasing, p(O) = 0 and p(t) -+ co as 
t --+ co: 
(U% x) = II~p’sII II41 = I-4 1141) II4I. 
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In this situation, the condition (4) is replaced by 
lim sup fl(l14l) 
IIzI1-m P(ll41) Ibll = O. 
Theorem 2 guarantees the strong convergence x5 to ?* such that 
4(11~‘11) = z$y?q~*ll)~ ~(1141) = fz” PL(t) &. I 
Since the constants TO in Theorems 1 and 2 are non-constructive, it is highly desirable to 
remove the corresponding restrictions from above on parameter 0. It turns out that this can be 
done at the expense of a very slight strengthening of the requirements on the sets R,. In this 
connection, we can formulate the following. 
THEOREM 3. Suppose that n 0, # 0 an d one of the following conditions is satisfied: 
CT>0 
(a) (i), (ii) and (iv), or 
(b) (i), (ii), (iii) and (4). 
Then [Ix! - %*I], + 0 if (h + b + a)/0 + 0, N + 0. 
PROOF. Let us choose an arbitrary P E n Q, and set CC’ = 1 and z = 2: in Lemma 1. Then 
020 
On the other hand, by virtue of CC: being the solution of the variational inequality (5) and U 
being a monotone operator, we can write 
Therefore, 
IlAx; - fll < n’li!To+ C  [la:; - ?;;I/ + Co. 
Using the last estimate, we obtain uniform boundedness of 11~: I] and consequently, uniform 
boundedness of IIAx~I]. Then ]]$$]I and ll~xC,all are estimated in the same way. The remainder 
of the proof corresponds to that of Theorem 1 of [l]. I 
Finally, apply the Mosco-approximation of convex sets described 
ties: 
(v) 
by the following two proper- 
(a) every point .2 E 00 is a strong limit of some sequence 
0 + 0. 
2, E 0, in the space B, as 
(b) every weak limit point :r of any sequence n:, E (I,, as 0 + 0, belongs to the set Rc. 
THEOREM 4. Under the f?ypotheses (i), (“) 11 and (v), and the condition 0 E n R,, the limit- 
C7>0 
relation 11x5 - ~*]]n -+ 0 occurs as CY-~(/A + 6) -+ O,CT + 0 and cr -+ 0. 
PROOF. By virtue of condition 6r E n R,, the inequality (Tx~,x:) < (f,x$) < Ilfllllx~Il is 
CT>0 
valid, where TX = Ax + crux, 0 > 0. Then from coerciveness of the operator T [8], one gets that 
llx~]] is uniformly bounded for all CY 2 0. The inequalities 
and 
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,,,IL final estimate IIAzEll I M~~~z~~~ a + Mz, where the constants MI and M2 do not depend 
on xz. 
THEOREM 5. Suppose that the operator A is uniformly monotone, i.e., for all y1 E Ax1, y2 E 
Az~, x1,22 E D(A) the inequality 
(Y1-Y2,x1--2) > 111(/1x1 -x211) (6) 
is valid, where G(t) is a continuous positive function for all t > 0 and $(O) = 0. Suppose also that 
$(t)/t + 03 as t + cm. Then, under the hypotheses of Theorems 1-4, the variational inequality 
(1) has a unique solution CC* and lIzA - x*ll~ -+ 0 as h -+ 0,6 + 0, CT --+ 0, where xA is the unique 
solution of the nonregularized variational inequality 
(AhxA - f6 ,2-XA) 20, Vx E 0, I 
It is well-known (see, for instance [9, p. 391) that the Galerkin method is a realization of a so- 
called interior approximation of the space B, which is characterized by condition (v)(a), if Ro is a 
separable Banach space B, Q, is a sequence B, of finite-dimensional subspaces of B, 11 = 1.2,. . . , 
and for each x E B there exists x, E B, such that /lx, -xl/ m -+ 0 as n -+ 00. Since the condition 
(v)(b) is trivial here, we have the following corollary. “- 
COROLLARY. The following assertions are valid: 
(i) Under the assumptions of Theorem 4, the Galerkin equation 
(Ahx: +cxUz~,z) = (j”,x), VXEB,, A= 
has a unique solution x6 for eacll 1% > 1 and 11~: - z*llB 
Q!--+O,n+CO; 
(ii) Under the assumption (6) of Theorem 5, tile GaJerkin equation 
(1% &?I) 
+ 0 as (h + q/c2 --+ 0, 
( AhzA ,x) = (j”,x), ‘ix E B,,, A = (IL, 6,~1) 
J1a.s a unique solution xA for each 11 > 1 and llzA - x* II B --f 0 as IL + 0,6 -+ O,n -+ cm. 
Thus, the convergence and the stability of the Galerkin method have been proven for the equa- 
tions Arc = f with nonsmooth unbounded uniformly or properly monotone nonlinear operators A 
in Banach space. Note that in Petryshyn’s theorem from [lo], the convergence of this method 
has been obtained for the unbounded densely defined, K-strongly stable operator A in Hilbert 
space, but the author’s approach (Generalized Friedrichs extension) is different. 
REMARK 2. Analogous results can be formulated for the method of finite elements [9]. I 
In conclusion, let us briefly consider the problem of finding a quasi-solution 
:c* = A;%;in IJAn: - f/l,. 
of the equation Ax = f (see [11,12]), where A : R + N E B* is a properly monotone operator, 
f E B*. We will assume, in addition, that the set N is convex and closed, that Z* exists, and 
that the space B* is uniformly convex and uniformly smooth. Then this problem is equivalent 
to solving the variational inequality 
(Ax’ - P,,,f,x - x’} > 0, b”z E fl, 
where Pry is the projection operator (in the sense of best approximation (see [11,12])). Let, as 
before, the perturbed data Ah, f6, 0, and N, be given instead of the exact ones A, f, R and N, 
such that XB* (N, N,) 5 w. Then it is necessary to consider the regularized variational inequality 
(Ahxa” +cYUx~-PPN_f6,x-x~)>0, vx E f12, 
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for a stable approximation of the quasi-solution IC*. The convergence of zre to Z* would follow 
from Theorem 1 if one were to suppose in addition that 
where gB(c) = ~B(E)/c, SB(E) is th e modulus of convexity of the space B, and gil(.) is an inverse 
function. 
The proof now uses the following general assertion [13]. 
LEMMA 2. If B is a uniformly convex and uniformly smooth Banach space, and 0, Or, !& are 
convex and closed sets, then 
II&r - &vll i cg~‘(2c2~g~!(2c+ - ~11))~~ = max (1, (12 - R~YII, 1114 - 41~ll} 
IIF@ - &&r/l I c&l(8kr) ,cr =2max{1,cz},c~=m~{llz-~n,zll,II~--~2~I/} 
where L is a constant satisfying 1 < L < 3.18 and ‘H~(flr,&) 5 u. 
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